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Abstract • This paper shows how wc can glue two different spacetime manifolds along a common spacclike or timelike boundary in the 
Iramcwurk of disirihutional approach Junction conditions along this common boundary are derived and from physical point of view, equations 
for dynamics of these boundaries arc given.
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I. Introduction
( unsider two different manifolds which must be glued 
logclher along a common boundary. This boundary is a 
hypersurface which physically can be a spacelike 
liypersurl’ace, for example. The formalism now commonly 
in use, expresses the surface properties of the boundary in 
terms of the jump of the extrinsic curvature across the shell 
wall. In this approach, the properties are obtained directly 
as functions of the shell’s intrinsic coordinates. The intrinsic 
geometry of the layer must be continuous at the hypersurface, 
11'., the intrinsic metric of the hypersurface must be the same 
determined from either side, and the discontinuity across the 
hypersiirface of its extrinsic curvature (second fundamental 
form) is related v ia  the Einstein Field equations to the stress- 
energy associated with the surface layer.
Since equations of general relativity arc nonlinear 
equations, for discontinuous metric, theory of distributions 
can lead to a new formulation to glue two different manifolds. 
In this paper, we will construct a distributional approach for 
treating hypersurfaces of discontinuity which are boundaries
of different manifolds and derive the Junction conditions for 
treating such hypersurfaces. Although our formulation 
concentrates on four dimensional manifolds, extension to 
general case of «-dimensional manifolds is steright.
2. Gauss-Kodazzi formalism
Assume two different manifolds A/* and with boundaries 
S* and Z~. We want to glue these two manifolds together. 
Coordinates on the two manifolds are defined independently 
as x f  and xt!, and the metrics denoted by and
gap(.xt). The induced metrics on the boundaries are called 
and where 4± are intrinsic coordinates on
respectively. Now to paste the manifolds together, we 
demand that the boundaries be isometric having the same 
coordinates, 4- = identification 2T.. = = ;
X  gives us the single glued manifold AT= A/+ uM _. Tills 
condition, which is the minimum requirement for glueing 
two manifolds formulated as
0 )
Note Here, the Greek indices run from 0 to 3 (for four dimensional spacetime manifolds) and Latin indices i j  and k from 1 to 3. A semicolon indicates 
covariant derivatives with respect to either the four-metric of the whole manifolds or the three-metric of the boundary. The symbol V* denotes the 
envariant derivative with respect to either of the metric of partial manifolds which arc to be glued together The square brackets [Fj, arc used to indicate 
the jump of any quantity Fat the boundary, and the terms proportional to ( -^function in equations, arc denoted by
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gives together with the continuity of second fundamental 
form on 1\
[A ',] -0 , (2)
the Darmois conditions [II. Both conditions should be 
satisfied if 2’ is just a boundary surface. But in the case 
of a thin shell containing matter, we donot expect the 
second condition to be satisfied since the matter content 
of the .shell should lead to a jump in the extrinsic curvature
A,,
On 2', we define a three-bein : (3-axes of Normal 
Gaussian coordinate)
(3)
having the component
(4)
The induced metric on 2' is given by the scalar product
 ^I t '
Let the parametric equation of the 2 'be
0 (.r^ (^ ')) = O
having the unit normal four-vector given by
t i „ - a
where a -  ± ^
Lhcreforc,
= 0
and = i \
where i  ssign(or) = ^
P 0 ^ 0
Px'‘
(5)
(6)
(7)
( 8 )
(9)
( 10)
( 1 1 )
and in our case since 2 'is spacelike, f  becoms by definition 
equal to -1. The extrinsic curvature of L  is defined as
Kf,. (12)
Now, we have all the pre-requisites to write the Einstein's 
equations for hypcrsurfacc 2'in the Darmois-I.sracl approach. 
These are 10 equations which will be written in components 
normal and tangent to the hypersurface. The first and second 
contracted Gauss-Kodazzi equations are.
a„,,nf‘n' -K„K'i -e^R ),
= (14)
where K ~ and is the Ricci scalar of the three metric,
^fow, to discover the effect the energy-momentum tensor
(13)
S,f of I  on spacetime geometry, we perform a ‘pill-box’ 
integration of the Einstein’s equation across I :
1= — lim Guydn, (15)
 ^ <T--*0 J ct
where n is the proper distance through 2’in the direction of 
the normal n ‘^. is the associated 4-tensor of energy- 
momentum of the shell. According to eqs. (13) and (14), 
there is no moment associated with the surface layer flows 
out of 2" Therefore, vanishes off the 2,
(16)
The energy-momentum 4- and 3-tensors of 2  are related as
( 17)
Similarly, we can associate to the 3-tensor A",, defined on I , 
the corresponding 4-dimcnsional tensor :
(18)
satisfying
= (19)
The remaining components of the Einstein's equations lead 
to the following nonvanishing result
lim ■■^c{IK,i ] -}-,^[K\) = k S„. (20)
vO J -  (T
This distributional equivalent of Einstein's equation is 
called Lanezos equation, which partly detcrmaincs the 
dynamics of the thin shell. The other dynamical equations 
come from the defining equation of the matter contents of 
the shell.
3. D is t r ib u t io n a l a p p r o a c h
We a.ssume the metric to be continuous at the boundary 
hypersurface £  (which has parametric equation 0(x)  = 0),
[g^ ''']-0 . (21)
Write the metric in the following form :
(22)
where 0  is the Heaviside step function and
t0{tKO* (23)
This condition guarantees the smoothness of the metric on 
the hypcrsurface. Should this not be the case, we try a 
coordinate transfonnalion x  = a:(a*') having a jump in the first 
derivative :
^  = a;,'^0{0(x)) + a - /0 i - 0 ( x ) ) .  (24)
Now,
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The condition for the new metric to be continuous, comes 
out to be
= CtnOt7
Wc assume from now on that the metric is smooth everywhere, 
O  at the hypersurface, and C*" on both sides of it. Although 
the metric is continuous on X, its derivatives, and so the 
corresponding connection coefficients, are discontinuous. 
The connection coefficients can be written as
G {0{x))r;t^  (26)
where are the ordinary connection coefficients on ^/^ 
The above connection has jump discontinuity on X To write 
the field equation for the spacelike hypersurface X, we define 
the energy-momentum tensor of the hypcrsurfacc as
7 ;, -  CS,,y5{0{x)\ (27)
where C is a constant which is defined as follows.
We integrate (27) in the direction transverse to the 
hypersurface X :
J  %,.dN ^  J S{0{x))dN  = (28)
where N is a distance in the direction of transverse to 
Therefore, wc find
(29)
(30)
c - 7 m
Now, (27) can be written as
7)„, = C S^„.d(0{x)) ^  |« |S^,.J(0(jt))
In order to write field equations, there is no need to change 
the ordinary concept of covariant derivative. The covariant 
derivative of the tensor
7’(P) == 0{0)T^iP) + 0 ( ^ 0 ) T i P K  (31)
where (p) stands for any number of indices, is calculated 
to be
= V +[T(pmc>,.0)Si0). (32)
Now, to write Einstein's field equations for spacelike 
hypersurface X, we expect the curvature and Einstein tensor 
to be proportional to S. This means that in calculating the 
connection coefficients and the components of the Ricci 
tensor, we consider only terms proportional to S. Since,
~ n .  -  r^y n , ^  (33)
the term proportional to S  are
(34)
f p  
 ^ pp
1
69
(35)
where g is the determinant of the metric The ^^distribution 
can only occur in the second derivatives of the metric. 
Therefore,
V g
|For second term in (34), we have
i^ Sofi, If) Sm'.fip gpi'.np ) ■
jHaving the metric in the form (22), we obtain
= ISafi.p
and - 1,?.,, ](r’ ,,0)d’(<Z>(A)).
Therefore, we obtain for terms in the Ricci tensor proportional 
to <5
(36)
(37)
(38)
(39)
X + C^p<p]<5(0)
= (^[g.^>3..<^-[T';,.pp(/>}v(<^'(.v)), (40)
Now, we can write Einstein's field equation for the 
hypersurface X as
Defining,
Quy = 2 g
(41)
(42)
we obtain, using eqs. (30) and (40) for the energy-momentum 
tensor, the field equations in the 4-dimensional form
Q/H' -y gpvQ ~ , (43)
awhere Q -  and £ = is a tensor with support
on I  and this equation describe the dynamics of lightlike 
hypersurface S. Multiplying (33) with nP and using (42), we 
obtain
5^,n*' = 0 (44)
rwhich tells us that the components corresponding to SfjytjPn 
and S^ytiPe',' identically vanishes. To obtain the proper 3- 
dimensional components, we have
Q,j = Qpyel‘e'1 = - [ r ^ n ,  = [K„ ], (45)
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w here A'„ is defined as ( 12) in term s o f  cross vector rf. The 
3-dim ensionaI analougc o f  (43) is therefore,
Qii -  I ” jS ii^  J, (46)
w here S  ~  S,,S'> and this is equivalent to Lanezos equation.
4. C o nc lu sion s
W e have show n that spacelike and tim elike hypersurfaces o f  
discontinuity  can be treated in the fram ew ork o f  distributional 
approach. For lightlike hypersurfaces, som e d ifficulties due 
to break dow n o f  norm al p rescription  for null hypersurfaces 
arise [2]. The case w here the m etric is not continuous, should 
be based on C o lo m b eau ’s theory  o f  d istributions w hich 
allow s n on linear operations such as m ultip lication  o f  
d istributions e g .  OS [3 -5 ) . It is im portant to note that we lt>l Nozari J Math ghys. (in press)
have assum ed tha t coord ina tes a re  con tinu ou s across the 
shell. W e are  go ing  to  consider the  case  o f  d iscon tinuous 
coord inates in the fram ew ork  o f  C o lo m b eau  theo ry  o f  
generalized  functions [6].
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